The term circulant in this paper shall always refer to a circulant for G and hence shall always be a g-square matrix.
Let H = {t = χ°, χ, χ\ -^Γ 1 } be the character group on G, i.e., the homomorphisms of G into K where χ' is the principal character and χ generates H. We may assume χ(g) = ζ. If A = ΣlZldiPίg 1 ) is a circulant, for 0 <^ j ^ q -1 define
(1) V(A)=g^¥).
By § 2 of [3] , there is a matrix U such that for any circulant A over R r we have (2) UAU-^ diag(...,λ^(A), ...)
where λ z ;(A) is the j + lth entry. Let τ denote transposition.
3* Preliminary material* We start with a generalization of 0. Taussky's result [13] . Although it might look unnecessarily abstract, Lemma 1 has the advantage of being able to produce both the local theorem (Theorem 1) and 0. Taussky's global theorem (Theorem 5) . In anticipation of Lemma 1, note that if R' is a ring in F with 1 and M is a matrix over R r then M is unimodular if the determinant of M is a unit in R'. LEMMA 
) e N(U).
Proof. (i)=*(ii) By Lemma 5 of [3] and (2) [3] that [K:k] = 2. Hence again by Lemma 5 of [3] and by (2) 
, X χ {ML~ι) = X χ (M)/X χ (L) = X χ (A τ )X χ (A) = N(X χ (A)).
Since X χ (A) e R the result follows.
(ii)-(i) By (2) ) = X r (M)/X χ ,(L) = α = a 2 
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where aeR', and~1
where βeR.
Since L is unimodular, ML" 1 = ΣU c^') where o<e JB'. From [K:F\ = q -1 and (4) of [3] , it follows that
Σ i=0
Since L is unimodular, aeR'.
Since jS(ζ*) = -1 for 1 5Ξ -i <Ξ # -1, S(δ) e i?'. Also q e R' because 1 e R'. Let c and d be elements of R'. Write CΞ ί if there exists an ee R' such that c -d = ge. Then 0 = a 2 + S(N(β) 
But we also have for any k, 0 ^ k ^ q -1,
Since R'lqR' is a field, we see, using (3) , that a = 0 if and only if
If for all fe, 0 ^ fc ^ g -1, we have a = 0 and S(X(g~k)β) = 0 then let λ χ , = a and λ χ = /S. Suppose for all k, 0 ^ ft ^ g -1, we have α ί 0 and S(X(gk )β) =£ 0. Then since R'lqR' is a field of characteristic not equal to 2 it follows by
If (i) holds, let λ r = -a and λ 7 = /3. If (ii) holds, let λ z , = α: and λ χ = β. For Ki^g-1 let (7<: ζ -> ζ* e 5?(K/F). For 1 ^ i ^ g -1 let λ χί = ^(λ χ ). By Lemma 2 of [3] , the g relations t = 0 define a g-square circulant A over ί 7 such that A = Σί=o UkP{g k ) where λ χ /(A) = λ z , and \(A) = λ χ . By choosing λ r and λ χ as above a k £R r for all ft. Then for any l^ί^g -lwe have, using Lemma 5 of [3] , (N(β) ).
Since M and L are unimodular, det ML"" 1 is a unit in i?', and hence /9 is a unit in R. We shall show N κlF (N{β)) e R\ Then α; will be a unit in R'. The irreducible polynomial of ζ over i* 7 is a ff-i + + a; + 1. Therefore, each element of R can be written uniquely in the form a& + α 2 ζ + + α^ζ*" 1 where a t e R\ Therefore, N κ , F (N(β)) = α x ζ 4-+ a q^ζ q~ι e F where e^ e R'. Since this expression is unique and since it is invariant under each τ e &(K/F) it follows that a ί = α 2 = = α ff _ lβ Hence N κ{F (N(β) ) e R'. Now let us expand our considerations to discuss group matrices for an arbitrary abelian group G of order n. Let o denote the ring of integers of a local field F. A group matrix A for G over o is an ^-square matrix of the form A = ^geoUgPiQ) where a g eo and P is the left regular representation of G so that using the elements of G to index the rows and columns of P(g) it follows that the (k, h) entry of P(g) is 1 if gh -k and zero if gh Φ k. As in [3] 
is a unit in o for each X of order 1 of 2. The result now follows from Theorem 1 of [3] .
(<=) Let {X*} be an independent set of characters. (See definition in §2 of [3] .) If the order of %* is 1 or 2 and X χ χML~') = X χ £M)/XχXL) = eft* where α z+ is a unit in o, let λ χ# = a χ ,. Suppose the order of X*isd>2. Let K=F(ζ d ) and k = F(ζ d + ζ d~1 ) UK=k thenby Lemma 6 of [3] we can assume that the ώ-order independent characters occur in independent inverse pairs (X*, X*~ι) no two of which have a character in common. Lemma 2 of [3] along with the fact that n is a unit in F and that λ χ , is a unit in F(ζ d + ζ d~ι ) where d is the order of X* to define a group matrix A over o. Proceed as in the proof of Theorem 1 of [3] to show that M = A T LA.
4* Local theory* Let the notation be that described in §2 with the following additions. Let p denote an arbitrary prime. Let Q p be the 39-adic numbers. Let the F of § 2 be Q p . Let O be the ring of integers of K. Let R f -Z p denote the p-adic integers and U' the group of units of Z p . If F is a field let F denote the multiplicative group F\{0}.
Proof. Let £ be the spot on Q p and ^5 the spot on 
Since M and L are unimodular, by 32: Proof. Use Theorem 2 and the fact that q is odd. 5* Global theory• Let the notation be that of § 2 except that now F -Q, the rationale, and R f = Z the rational integers. Let R denote the ring of algebraic integers of K and U its group of units. 
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Let n 1 (G) 9 respectively n 2 (G), denote the number of subsets into which G-congruence partitions G lf respectively G 2 .
(ii) We say M and L are in the same inertia class if ML is positive definite. We denote an inertia class as follows 
Proof. It is clear from §2 of [3], (i) <=> (ii) <=> (iii). To show (iii) <=^ (iv) use Corollary 1.2 of [3]. That (v)=*(iv) is immediate. If (iv) holds then ML~ι is positive definite. Now apply Corollary 2.1 of [4] to get (v). THEOREM 4. Let M and L be symmetric unimodular group matrices over Z. If els M = els L then int M = int L. Furthermore, given any two inertia classes the number of G-classes lying inside each of them is the same.
Proof. The first assertion is immediate. To establish the second assertion let int M be an arbitrary inertia class. Let G\ denote the group of all squares in G λ . Consider G 2 jG\ which is a subgroup of GJGl and (int M)jG\ which is a subset of GJGl By Theorem 4 and Corollary 1 of [5] it suffices to show there is a one-to-one correspondence between the cosets of (intM)/Gl and the cosets of [5] .) Let us once again restrict our discussion to g-square circulants. Even in this restricted setting the converse of the first assertion of Theorem 4 does not hold. The example at the end of this paper shows that int M = int L does not necessarily imply that els M = els L.
. Let G be an arbitrary abelian group. Then i(G)n 2 (G) = njfi). (A formula for n^G) can be found in
The [12, Theorem 4 and 5, . Whereas if M and L are positive definite the situation is quite different and the theory is by no means as definitive.
As an aid to answering the above-mentioned central question we shall give a proof of 0. Taussky's result [13] using Lemma 1. [15] it follows that (i)<=>(ϋ)<( iii). The equivalence (iii) ^=> (iv) follows from Lemma 10.11 on page 119 of [11] .
According to tradition E. C. Dade has shown that for all primes q < 100 except for q = 29 every positive definite symmetric unimodular -square circulant over Z is in the same G-class. Since this result is not in the literature we will prove Theorem 6 which most likely repeats much of what he did.
Let k = Q(ζ + ζ" 1 ), the maximal real subfield of Q(ζ) where ζ is a primitive qth root of 1. Let V denote the group of units in the ring of algebraic integers of k. Let V 2 denote the group obtained by squaring all the elements in V. Let T be the group of totally positive units in V. Let v lf --,v 
J = l
The map sgn is a homomorphism from the multiplicative group V into the additive group of GF (2) Hence n 2 {G) ^ (T:V 2 ) ^ 2 P~S . By Theorem 6 of [5] , n 2 (G) divides 2 P~8 . The tables in the back of D. Davis' thesis [1] inform us that for all primes q < 100 except q ~ 29 the rank of M q is p. In fact, the tables reveal that for all but 24 of the 156 primes q < 1000 the rank of M q is p. By Theorem 6 if q is not one of the exceptional 24 primes, n 2 (G) = 1. The example at the end of the paper shows that in the case q = 29 we have that n 2 (G) ^ 2. (<=) This follows from Theorem 1. Thus the class number question as translated into the group matrix setting (i.e., how many G-classes lie in a G-genus) because of Theorem 4 can be resolved for g-square circulants if n 2 (G) can be computed.
7* An example* The following example will show that if G is a group of order 29 then n 2 (G) ^ 2.
Let p be a prime integer. Let A = Z/p n Z where n ^ 1. Let 
is the ring of p-adic integers [12, p. 23 13 is not a square in Q p . Using (4), (5) , and (6) one can deduce that w = (y, + pZ,
•) is a unit in Z p . By Theorem 3 on page 34 of [12] , w is a square in Q p if and only if y ι + pZ is a square in A lβ Calculation using (5) and (6) . Then both Q(ζ) and Q(a) are splitting fields of φ(x) over Q. By the corollary and Theorem 5.J. on page 184 of [6] there is an isomorphism σ from Q(ζ) onto Q(a) fixing Q such that tf(ζ) = a. Now T eft [1, p. 7] . If v were a square in k then σ (v) = u would be a square in Q(a) SQ^a contradiction. Hence v is not a square in ft. Furthermore, it can be shown that v is a totally positive unit in the ring of algebraic integers of ft. This can be done directly or by using the more rapid methods of Chapter II of [1] .
For j = 1, 2, , 14, let y ό = x j + x 29 ' 3 '. If i is even (2 ^ i ^ 14) , let 
